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Vwurqj frqvlvwhqf| uhvxowv iru ohdvw vtxduhv hvwlpdwruv lq jhqhudo yhfwru
dxwruhjuhvvlrqv zlwk ghwhuplqlvwlf whupv1
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Devwudfw= D yhfwru dxwruhjuhvvlrq zlwk ghwhuplqlvwlf whupv dqg zlwk qr uhvwulf0
wlrqv wr lwv fkdudfwhulvwlf urrwv lv frqvlghuhg1 Vwurqj frqvlvwhqf| uhvxowv iru wkh ohdvw
vtxduhv vwdwlvwlfv duh suhvhqwhg1 Wklv h{whqgv hduolhu uhvxowv zkhuh ghwhuplqlvwlf whupv
kdyh qrw ehhq frqvlghuhg1 Lq dgglwlrq wkh frqyhujhqfh udwhv duh lpsuryhg frpsduhg
zlwk hduolhu uhvxowv1
Nh|zrugv= Ohdvw vtxduhv hvwlpdwru/ Vwurqj frqvlvwhqf|/ Yhfwru dxwruhjuhvvlrq1
4 Lqwurgxfwlrq
Wkh vwurqj frqvlvwhqf| ri ohdvw vtxduhv hvwlpdwruv lq dq yhfwru dxwruhjuhvvlrq zlwk
ghwhuplqlvwlf whupv lv vwxglhg1 Dxwruhjuhvvlrqv jhqhudoo| kdyh wkuhh w|shv ri dv|ps0
wrwlf ehkdylrxu lq wkdw wkh| pd| eh vwdwlrqdu|/ d udqgrp zdon w|sh surfhvv ru dq
h{sorvlyh surfhvv1 Iru wkh hfrqrphwulf dqdo|vlv ri qrq0h{sorvlyh wlph vhulhv lw xvxdoo|
vx!fhv wr xvh zhdn frqvlvwhqf| dqg zhdn frqyhujhqfh dujxphqwv dv lq wkh zrun e|
Skloolsv +4<<4, dqg Mrkdqvhq +4<<9,1 Zkhq d wlph vhulhv kdv h{sorvlyh ihdwxuhv lw
lv pdwkhpdwlfdoo| pruh qdwxudo wr xvh vwurqj frqvlvwhqf| dujxphqwv h{sorlwlqj wkdw
h{sorvlyh surfhvvhv whqg wr iroorz shuvlvwhqw wudmhfwrulhv zlwk suredelolw| rqh1
Wkh uvw uhvxowv vkrzlqj vwurqj frqvlvwhqf| iru h{sorvlyh uvw rughu dxwruhjuhv0
vlrqv zhuh gxh wr Uxelq +4<83, dqg Dqghuvrq +4<8<,/ zlwk vrph jhqhudolvdwlrqv e| iru
lqvwdqfh Ixoohu/ Kdv}d dqg Jrheho +4<;4, dqg Mhjdqdwkdq +4<;;,1 D jhqhudo vwurqj
frqvlvwhqf| uhvxow iru yhfwru dxwruhjuhvvlrqv zdv jlyhq e| Odl dqg Zhl +4<;8, dqg
wklv lv jhqhudolvhg khuh wr d vlwxdwlrq zlwk ghwhuplqlvwlf whupv dv vhhq lq hfrqrphw0
ulf prghov1 Wkh hpsor|hg whfkqltxhv duh wr d odujh h{whqw ghulyhg xvlqj phwkrgv
suhvhqwhg e| Odl dqg Zhl +4<;5/ 4<;6d/e/ 4<;8, dqg Zhl +4<<5,1
Wkh sdshu lv rujdqlvhg vr wkdw ¢5 suhvhqwv wkh prgho dqg dq ryhuylhz ri wkh pdlq
uhvxowv1 Wkh surri iroorzv lq ¢6043 dqg zloo eh rxwolqhg lq ¢51
Wkh iroorzlqj qrwdwlrq lv xvhg wkurxjkrxw wkh sdshu= Iru d pdwul{ k ohw k￿2 '
kk￿c zkhuhdv k  q lv wkh Nurqhfnhu surgxfw dqg htxdov iru h{dpsoh Ek￿￿qck￿2q li
k 5 +￿f2 Ixuwkhu _@}Ek￿cck ? lv d eorfn gldjrqdo pdwul{ zlwk gldjrqdo eorfnv
k￿1Z k h qk lv v|pphwulf wkhq b4￿?Ek dqg b4@  Ek duh wkh vpdoohvw dqg wkh odujhvw
4hljhqydoxh uhvshfwlyho|1 Wkh fkrlfh ri qrup lv wkh vshfwudo qrup nkn ' ib4@ Ek￿2j￿*2
lpso|lqj wkdw nk3￿n ' ib4￿?Ek￿2j3￿*2 Zkloh (E0|mI|3￿ lv d frqglwlrqdo h{shfwdwlrq
wkh qrwdwlrq Et|m~| ghqrwhv wkh uhvlgxdo ri wkh ohdvw vtxduhv uhjuhvvlrq ri t| rq ~|
Wkh deeuhyldwlrq @r lv xvhg iru surshuwlhv kroglqj doprvw vxuho|1
5 Wkh dxwruhjuhvvlyh prgho dqg pdlq uhvxowv
Wkh prgho lq wklv sdshu lv iru d R0glphqvlrqdo wlph vhulhv/ f￿3&ccf fccf A




￿f|3￿ n >(|3￿ n 0|c iru | ' ccAc +514,
zkhuh (| lv d ghwhuplqlvwlf whup dqg 0| dq lqqrydwlrq whup1
Wkh lqqrydwlrqv duh uhtxluhg wr vdwlvi| wkh orfdo Pduflqnlhzlf}0]|jpxqg frqgl0
wlrqv iru frqyhujhqfh ri h{sorvlyh surfhvvhv lqwurgxfhg e| Odl dqg Zhl +4<;6d,1 Wkhvh
duh wkdw E0| lv d pduwlqjdoh glhuhqfh vhtxhqfh zlwk uhvshfw wr dq lqfuhdvlqj vhtxhqfh
ri j0hogv EI| zlwk wkh surshuwlhv wkdw vrph frqglwlrqdo prphqwv ri kljkhu rughu
duh erxqghg dqg wkdw wkh frqglwlrqdo yduldqfh kdv srvlwlyh ghqlwh olplw srlqwv1
Dvvxpswlrq 514 Iru vrph :2 lw krogv tT| (En0|n
2n￿ mI|3￿ 	 4 @r
Dvvxpswlrq 515 *4?u|<" b4￿?(E0|0￿
|mI|3￿ : f @r
Hdfk ri wkh Dvvxpswlrqv 514/ 515 h{foxgh wkh srvvlelolw| wkdw wkh lqqrydwlrqv
frxog eh dxwruhjuhvvlyh frqglwlrqdo khwhurvfhgdvwlf +DUFK, dv sursrvhg e| Hqjoh
+4<;5,1 Wkhuhiruh wkhvh frqglwlrqv zrxog suredeo| eh shufhlyhg dv wrr vwurqj iru
qrq0h{sorvlyh vlwxdwlrqv/ exw iru jhqhudo dxwruhjuhvvlrqv wkh| duh frqyhqlhqw1
Wkh ghwhuplqlvwlf whup (| lv d yhfwru ri whupv vxfk dv d frqvwdqw/ d olqhdu wuhqg/ ru
vhdvrqdo gxpplhv1 Lqvsluhg e| Mrkdqvhq +5333, wkh ghwhuplqlvwlf whupv duh uhtxluhg
wr vdwlvi| wkh glhuhqfh htxdwlrq
(| ' #(|3￿c +515,
zkhuh # kdv fkdudfwhulvwlf urrwv rq wkh frpsoh{ xqlw flufoh dqg olqhduo| lqghshqghqw
frruglqdwhv dv ghvfulehg e| wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq 516 mi}i?E#m 'dqg h@?!E(￿cc( _￿4# ' _4#
Zlwk wklv w|sh ri ghwhuplqlvwlf whupv wkh wlph vhulhv fdq eh zulwwhq frqyhqlhqwo|
lq frpsdqlrq irup1 Wkh vwdfnhg surfhvv j|3￿ 'E f￿
|3￿ccf￿
|3&￿ vdwlvhv
j| ' j|3￿ n (|3￿ n efc|c

















zkloh 7| 'E j|c( | wkdw frpelqhv j| zlwk wkh ghwhuplqlvwlf surfhvv (| vdwlvhv
7| ' 57|3￿ n e7c|c +516,












Wkh pdlq remhfw ri lqwhuhvw lv wkh ohdvw vtxduhv hvwlpdwru iru wkh sdudphwhuv
￿cc &c>zklfk kdv wkh irup
















|3￿ lv wkh rxwhu surgxfw 7|3￿7￿
|3￿ Wkh sduwldo hvwlpdwru iru wkh g|qdplf sd0
udphwhuv ￿cc & fdq fruuhvsrqglqjo| eh zulwwhq lq whupv ri wkh uhvlgxdov Ej|m(|
iurp uhjuhvvlqj wkh frpsdqlrq yhfwru j| rq wkh ghwhuplqlvwlf whupv (| dv


























Wkh uvw pdlq uhvxow jlyhv d erxqg iru d vwxghqwlvhg yhuvlrq ri wkh mrlqw hvwlpdwru1
















iru doo 1	 * E2 n 





li 4@ mi}i?Em : c
iE*L}A
￿*2j li  kdv hljhqydoxhv ri ohqjwk c
iE*L}*L}A
￿*2j li 4?mi}i?Em 	 
6Vshfldo fdvhv kdyh ehhq suryhg e| Sùwvfkhu +4<;</ Ohppd D14, iru _4# 'fdqg
1 'fdqg e| Qlhovhq +5334d, zkr suryhv d xqlyduldwh yhuvlrq kroglqj lq suredelolw|1
Wkh surri ri Wkhruhp 517 uholhv rq d vhsdudwlrq ri wkh vwrfkdvwlf dqg ghwhuplqlvwlf
















e| sduwlwlrqhg lqyhuvlrq1 Iru wkh ohdvw vtxduhv hvwlpdwru lwvhoi d pruh frpsohwh xq0
ghuvwdqglqj ri wkh lqwhudfwlrq ehwzhhq wkh ghwhuplqlvwlf frpsrqhqwv dqg xqlw urrw
surfhvvhv dsshdulqj lq wkh ghqrplqdwru pdwul{ lv qhhghg1 Vxfk uhvxowv duh qrw dydlo0
deoh dv |hw dqg wkh iroorzlqj frqvlvwhqf| uhvxowv duh wkhuhiruh rqo| sduwldo dowkrxjk
wkh| gr uhsuhvhqw vrph lpsuryhphqw ryhu suhylrxv uhvxowv dqg lqfoxgh d frpsohwh
ghvfulswlrq ri wkh sxuh vwdwlrqdu| dqg sxuho| h{sorvlyh fdvhv zkhuh mi}i?Em9 ' 
Wkhruhp 518 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg1 Wkhq




Li  dqg # kdyh qr frpprq hljhqydoxhv wkhq
E 	 ￿cc 	 &c 	 >  E￿cc &c>
@￿r￿ 'L E A
31*2 iru doo 1	 * E2 n 
Wkh lvvxh ri vwurqj frqvlvwhqf| ri wkh ohdvw vtxduhv hvwlpdwru zdv uvw glvfxvvhg
iru d xqlyduldwh/ h{sorvlyh/ Jdxvvldq uvw rughu dxwruhjuhvvlrq/ zlwk _4j ' c
_4# 'f c e| Uxelq +4<83, dqg Dqghuvrq +4<8<,1 Odl dqg Zhl +4<;8/ Wkhruhp
7, vwxglhg wkh vshfldo fdvh zlwkrxw ghwhuplqlvwlf whupv/ vr _4# 'f / dqg jdyh d
zhdnhu uhvxow zlwk 1 'f 1 D uhodwhg jhqhudolvdwlrq kdv suhylrxvo| ehhq suhvhqwhg e|
Gx r/ Vhqrxvvl dqg Wrxdwl +4<<4/ Wkhruhp 4, lq wkh fdvh zkhuh wkh h{sorvlyh urrwv
kdyh pxowlsolflw| rqh zkhuhdv wkhlu Wkhruhp 5 vhhpv idovh lq vxjjhvwlqj wkdw wkh ohdvw
vtxduh hvwlpdwru iru  rwkhuzlvh lv lqfrqvlvwhqw1
D gluhfw frqvhtxhqfh ri Wkhruhp 517 frqfhuqlqj wkh vwxghqwlvhg ohdvw vtxduhv
hvwlpdwru lv wkdw wkh ohdvw vtxduhv yduldqfh hvwlpdwru fdq eh hvwlpdwhg frqvlvwhqwo|1













iru doo 1	 * E2 n 




lv uhodwlyho| frpsdfw zlwk srvlwlyh ghqlwh olplw srlqwv dv dujxhg e| Odl dqg Zhl
+4<;8,/ vrph ixuwkhu vwuxfwxuh lv qhhghg wr jhw frqyhujhqfh wr dq lqwhusuhwdeoh pdwul{1
Lq wkh oljkw ri wkh Dvvxpswlrqv 514/ 515 lw lv frqyhqlhqw wr dsso| wkh iroorzlqj vx!flhqw
frqglwlrq xvhg e| Fkdq dqg Zhl +4<;;,1
Dvvxpswlrq 51: (E0
￿2
| mI|3￿'l@r zkhuh l lv srvlwlyh ghqlwh1
7Wklv jlyhv ulvh wr wkh iroorzlqj frqyhujhqfh uhvxow1





















Fruroodu| 519 dqg Wkhruhp 51; ohdg wr dq lpphgldwh uhvxow iru wkh ohdvw vtxduhv
yduldqfh hvwlpdwru1






















Wkhuh lv srwhqwldo iru pdq| rwkhu hfrqrphwulf dssolfdwlrqv ri Wkhruhp 5171 Dq
h{dpsoh lv odj ohqjwk ghwhuplqdwlrq zkhuh lw lv frqfhswxdoo| lpsruwdqw wr hvwdeolvk
wkh odj ohqjwk ehiruh ghwhuplqlqj wkh orfdwlrq ri wkh fkdudfwhulvwlf urrwv/ vhh Sùwvfkhu
+4<;<,/ Zhl +4<<5, dqg Qlhovhq +5334e,1 Rwkhu h{dpsohv duh xqlw urrw whvwlqj +Qlhovhq
5334d, dqg frlqwhjudwlrq dqdo|vlv +Qlhovhq/ 5333, zkhuh wkh dv|pswrwlf lqihuhqfh
uhvxowv dovr fdq eh xvhg zlwkrxw nqrzohgjh derxw wkh fkdudfwhulvwlf urrwv1
Wkh uhpdlqghu ri wkh sdshu jlyhv wkh surriv ri wkhvh uhvxowv1 Wr d odujh h{whqw wkh
surriv iroorz wkrvh ri Odl dqg Zhl +4<;6e dqg 4<;8,/ exw zlwk pdq| prglfdwlrqv
ehfdxvh ri wkh ghwhuplqlvwlf whup1 Wkh surri lv rxwolqhg dv iroorzv1 Lq ¢6 wkh surfhvv
j| lv ghfrpsrvhg lqwr dxwruhjuhvvlyh frpsrqhqwv L|cT |c` | zlwk fkdudwhulvwlf urrwv
rxwvlgh/ rq/ dqg lqvlgh wkh xqlw flufoh/ uhvshfwlyho|1 Wkh rughu ri pdjqlwxgh ri wkh
ghwhuplqlvwlf surfhvv/ (|c dqg wkh surfhvv lwvhoi/ j|c lv glvfxvvhg lq ¢7 dqg ¢81 Wkh





|3￿ Dv d uvw vwhs wkh vdpsoh fruuhodwlrq ri L| dqg (| lv frqvlghuhg
lq ¢91 Wkh rughu ri pdjqlwxgh ri wkh odujhvw dqg wkh vpdoohvw hljhqydoxh ri A lv
wkhq glvfxvvhg lq ¢: dqg ¢;1 Wkh qh{w vwhs lv wr glvfxvv vdpsoh fruuhodwlrqv ri doo
srvvleoh frpelqdwlrqv ri wkh surfhvvhv L|cT |c` |c( | lq ¢< dqg qdoo| wkh pdlq uhvxowv
duh suryhg lq ¢431
6 Ghfrpsrvlwlrqv ri wkh surfhvv
Wkh surfhvv f| lv ghfrpsrvhg lq wzr zd|v wr idflolwdwh wkh vxevhtxhqw dv|pswrwlf
dqdo|vlv1 Wkh uvw ghfrpsrvlwlrq frqfhuqv wkh vwrfkdvwlf sduw ri surfhvv zkloh wkh
vhfrqg ghfrpsrvlwlrq glvhqwdqjohv ghwhuplqlvwlf dqg vwrfkdvwlf sduwv ri wkh surfhvv1
Wkh uvw ghfrpsrvlwlrq vhsdudwhv wkh hljhqydoxhv ri wkh frpsdqlrq pdwul{  iru
wkh vwrfkdvwlf sduw ri wkh surfhvv1 Iroorzlqj Khuvwhlq +4<:8/ s1 63;, wkhuh h{lvwv d
uhjxodu/ uhdo pdwul{  zklfk wudqvirupv  lqwr d uhdo eorfn gldjrqdo pdwul{ zlwk
8eorfnv Nc V dqg ` kdylqj hljhqydoxhv zlwk devroxwh ydoxh ohvv wkdq rqh/ htxdo wr














































Iru wkh sxusrvh ri surylqj wkh uhvxowv ri ¢5 lw fdq eh dvvxphg zlwkrxw orvv ri jhqhudolw|





Wkh vhfrqg ghfrpsrvlwlrq vhhnv wr vhsdudwh wkh vwrfkdvwlf dqg ghwhuplqlvwlf frp0
srqhqwv dqg lv edvhg rq wzr dujxphqwv1 Wkh surfhvvhv L|c` |c( | duh uvw vhsdudwhg
e| d vlplodulw| wudqvirupdwlrq xvlqj wkdw wkh pdwulfhv N/` dqg # kdyh qr frpprq
hljhqydoxhv/ zkloh wkh surfhvvhv T|c( | kdyh wr eh glvfxvvhg lq pruh ghwdlo vlqfh wkh
pdwulfhv V dqg # pd| lq jhqhudo kdyh frpprq hljhqydoxhv1
Wkh surfhvvhv L|c` | duh olqhdu ixqfwlrqv ri wkh ghwhuplqlvwlf surfhvv (| dqg wkh|
duh uvw vkrzq wr vdwlvi| wkh uhodwlrqvklsv
L| '  L| n >L(| zkhuh  L| ' N L|3￿ n eLc|c +614,
`| '  `| n >‘(| zkhuh  `| ' `  `|3￿ n e‘c|c +615,
zlwk  Lf ' Lf >L(f dqg  `f ' `f >‘(f Wkh dujxphqw lv wkh vdph lq erwk fdvhv1
Wdnlqj L| dv dq h{dpsoh frqvlghu wkh frpsdqlrq pdwul{ iru wkh yhfwru EL￿
|c( ￿
| dqg


















Wkh uhvxow +614, wkhq iroorzv e| dujxlqj wkdw  >L fdq eh fkrvhq vr >LnN >L >L# 'f
zklfk lv d frqvhtxhqfh ri wkh qh{w Ohppd 6141
Ohppd 614 Frqvlghu pdwulfhv ( 5 +_f_/  5 +?f? dqg wkh htxdwlrq  >( > ' >
iru vrph >c  > 5 +?f_1 Wkh vroxwlrq  > lv xqltxh iru doo > li dqg rqo| li wkh pdwulfhv
( dqg  kdyh qr frpprq hljhqydoxhv1
Surri ri Ohppd 6141 Iroorzlqj Pdjqxv dqg Qhxghfnhu +4<<</ s163, wkh
htxdwlrq ri lqwhuhvw fdq eh zulwwhq dv iUE >(   >'E (￿  U?  U_   iU > '
iU>1 D xqltxh vroxwlrq h{lvwv zkhq (￿  U?  U_   kdv ixoo udqn1
Wzr surshuwlhv ri Nurqhfnhu surgxfwv duh qhhghg1 Iluvw/ wkh wzr pdwulfhv (￿U?
dqg U_ frppxwh dqg khqfh wkh| duh vlpxowdqhrxvo| xqlwdulo| vlplodu wr wuldqjxodu
pdwulfhv +Pluvn|/ 4<94/ Wkhruhp 431918,1 Vhfrqgo|/ d Nurqhfnhu surgxfw 8  C
kdv hljhqydoxhv ri wkh irup s￿}￿ zkhuhsc} duh wkh hljhqydoxhv ri 8cC uhvshfwlyho|/
9vhh Pdjqxv dqg Qhxghfnhu +4<<</ Wkhruhp 51614,1 Dv d frqvhtxhqfh wkh pdwul{
(￿  U?  U_   lv xqlwdulo| vlplodu wr d wuldqjxodu pdwul{ zlwk gldjrqdo hohphqwv
jlyhq e| _￿  ?￿ zkhuh _￿ dqg ?￿ duh hljhqydoxhv ri ( dqg  uhvshfwlyho|1 Khqfh/ li
( dqg  kdyh qr frpprq hljhqydoxhv wkhq (￿  U?  U_   kdv ixoo udqn1
Qrz vxssrvh ( dqg  kdyh d frpprq hljhqydoxh b dqg ohw % dqg + eh dvvrfldwhg
hljhqyhfwruv vr (￿% ' b% dqg + ' b+ Vlqfh E(￿  U?  U_  iUE+%￿'fwkhq
iUE+%￿ lv dq hljhqyhfwru iru (￿  U?  U_   dvvrfldwhg zlwk wkh hljhqydoxh 31
Lq wkh vshfldo fdvh zkhuh  kdv qr hljhqydoxhv lq frpprq zlwk # wkh vdph
dujxphqw fdq eh pdgh iru wkh hqwluh surfhvv j| dv iru wkh L|c` | surfhvvhv1 Wkdw lv
j| '  j| n >f(| zkhuh  j| '  j|3￿ n efc| +616,
Zkhq lw frphv wr wkh jhqhudo vlwxdwlrq zkhuh V dqg # duh doorzhg wr kdyh frpprq
hljhqydoxhv lw lv frqyhqlhqw uvw wr glvfxvv wkh vshfldo fdvh zkhuh V dqg # kdyh wkhlu














zlwk E\c.'E  c1 Lq wkdw vlwxdwlrq T| zloo eh vkrzq wr vdwlvi|
T| '  T| n >T  (| zkhuh  T| ' V T|3￿ n eTc| dqg  (| '  #  (|3￿c +618,
zlwk  Tf ' Tf dqg zkhuh  # lv ri wkh irup +617, zlwk _4 # ' _4V n _4# Wr vhh





















































Vhfrqgo|/ vlqfh V dqg # duh erwk Mrugdq eorfnv ri wkh irup +617, zlwk hljhqydoxhv








:lv d eorfn gldjrqdo pdwul{ zlwk gldjrqdo hohphqwv wkdw duh Mrugdq eorfnv ri wkh irup
+617, zlwk E\c.'E  c H{wudfwlqj wkh pdujlqdo vroxwlrq iru T| iurp +619, dqg














zklfk lq wxuq fdq eh zulwwhq dv  T| n >T  #|  (f iru vrph  >T dqg  (f1
Lq jhqhudo V dqg # fdq kdyh hljhqydoxhv dq|zkhuh rq wkh xqlw flufoh1 Vxssrvh
wkhvh rffxu dw , glvwlqfw frpsoh{ sdluv i TEw￿ dqg i TEw￿ iru f  w￿  Z zklfk ri
frxuvh uhgxfh wr d vlqjoh hljhqydoxh ri  ru  li w￿ htxdov f ru Z Iroorzlqj Khuvwhlq
+4<:8/ s1 63;, dqg xvlqj Dvvxpswlrq 516 wr # wkhuh h{lvwv uhjxodu/ uhdo vlplodulw|
wudqvirupdwlrqv T dqg ( wkdw eorfn0gldjrqdolvh V dqg # dv
T V
3￿




zkhuh wkh vxe0eorfnv V￿c6 dqg #￿ duh uhdo Mrugdq pdwulfhv ri wkh irup +617,/ dqg











iru f 	w	Z  +61:,
Xvlqj wkh vdph dujxphqw dv deryh lw wkhuhiruh krogv lq jhqhudo wkdw T| kdv uhs0
uhvhqwdwlrq +618, zkhuh  T| kdv vxe0frpsrqhqwv  T￿c| dqg  T￿c6c| ri glphqvlrq _4V￿
dqg _4V￿c6 uhvshfwlyho| dqg  (| kdv vxe0frpsrqhqwv  (￿c| ri glphqvlrq _4  #￿ '
_4#￿ n4 @   6 _4V￿c6



















vkrzv wkdw wkh surfhvv zlwkrxw orvv ri jhqhudolw| fdq eh uhsuhvhqwhg dv
j| '  j| n >  (| zkhuh  j| '  j|3￿ n efc|c  (| '  #  (|3￿ +61;,
Lw lv frqyhqlhqw dovr wr lqwurgxfh wkh glphqvlrqv
B￿ ' _4#￿*_4\￿c  B￿ '_  4 #￿*_4\￿cD ￿c6 ' _4V￿c6*_4\￿c
dv zhoo dv wkh pd{lpd
B '4 @   ￿ B￿c  B '4 @   ￿  B￿cD '4 @   ￿c6 D￿c6
;7 Olplwlqj uhvxowv iru wkh ghwhuplqlvwlf frpsrqhqw





| zloo eh ghvfulehg1
Wkh pdlq uhvxow lv irupxodwhg xvlqj qrupdolvdwlrq pdwulfhv
( ' _@}EB￿cc B, zkhuh ? '_  @ } iE\￿*A
?3￿ ccE\￿cA
fj +714,
Wkhruhp 714 Vxssrvh Dvvxpswlrq 516 lv vdwlvhg1 Wkhq lw krogv
E4 @   |$A n((An ' E dqg lq sduwlfxodu n(An ' E AB3￿
E*  4 A<" A3￿ SA
|’￿E((|3￿￿2 lv srvlwlyh ghqlwh1





r3￿3￿(| ' E A 3￿





Ohppd 715 Ohw (￿c￿cf ghqrwh wkh odvw hohphqw ri wkh lqlwldo yhfwru (￿cf Wkhq
B￿(￿c| ' s EB￿c|*A  \
|
￿(￿c￿cf n E A
3￿c xqlirupo| lq |c
zkhuh s lv wkh sro|qrpldo yhfwru s E? n c'i?*E?-cc f*Ef-j￿






A A A ?
A A A =
\| ME|c\|3￿  ME|cB￿  \|3B￿n￿
f\ | ME|cB￿  2\|3B￿n2
1 1 1 111 1 1 1
f  f\ |
<
A A A @
A A A >
c
dqg MEc lv wkh elqrpldo frh!flhqw1 Wkh ghvluhg uhvxow wkhq iroorzv e| qrwlqj wkdw
ME|c?'|?*?-n E |?3￿ xqlirupo| lq | zkloh n\?nn \n? ' 
Ohppd 716




￿2 _  .￿ nE A3￿
E Li Dvvxpswlrq 516 lv vdwlvhg wkhq wkh olplwlqj pdwul{ lq E lv srvlwlyh ghqlwh1
E A3￿ SA
|’￿EB￿(￿c|3￿EB6(6c|3￿￿ ' E A 3￿ iru  9' 6





















<Wuljrqrphwulf lghqwlwlhv vkrz wkdw \|
￿(￿c￿cf(￿
￿c￿cfE\|
￿￿ htxdov .￿n(￿c￿cfn2*_4\￿ n-￿
zkhuh -￿ 'firu _4\￿ 'dqg -￿ ' ULtE2w|nt?E2w| iru vrph frqvwdqw pd0
wulfhv c zkhq _4\￿ '2  Zkhq _4\￿ 'wkh ghvluhg uhvxow iroorzv lpphgldwho|/






Rn^32 ULtE2w| n @' E A
3￿ iru f 	w	Z c
iru dq| frqvwdqw @c vhh Judgvkwh|q dqg U|}kln +4<98/ 5196615,1
E Qrwh wkdw wkh yhfwru sE?c fdq eh h{suhvvhg dv d qrq0vlqjxodu olqhdu wudqv0




￿2 _ ' U? jlylqj wkh srvlwlyh ghqlwhqhvv1




htxdov ULtE2w| nt  ?E 2 w| iru vrph frqvwdqw pdwulfhv c
Surri ri Wkhruhp 7141 E Wkh uhvxow iroorzv iurp Ohppd 715 e| vwdfnlqj wkh
surfhvvhv B￿(￿c| dqg xvlqj wkh wuldqjoh lqhtxdolw|1
E Ohppd 716 lpsolhv wkdw A 3￿ SA
|’￿E((|￿2 frqyhujhv wr d eorfn gldjrqdo
pdwul{ zlwk srvlwlyh ghqlwh gldjrqdo hohphqwv1
E Wkh ghvluhg uhvxow iroorzv iurp E/E dqg uhsodflqj hdfk (| zlwk ((|
8 Wkh rughu ri pdjqlwxgh ri wkh surfhvv
Lq wkh iroorzlqj wkh rughu ri pdjqlwxgh ri wkh surfhvv j| lv lqyhvwljdwhg1 Wklv lv d
jhqhudolvdwlrq ri Odl dqg Zhl +4<;8/ Wkhruhp 4, zkhuh wkh fdvh zlwkrxw ghwhuplqlvwlf
frpsrqhqwv lv frqvlghuhg1 Vxevhtxhqwo| d frqyhujhqfh uhvxow lv jlyhq iru wkh h{sorvlyh
frpsrqhqw `|






LiAE￿31￿*2j n E AB3￿ li 4@ mi}i?Em 	 c
iEA243￿ *L}*L}A￿*2j n E A
￿ B3￿ li 4@ mi}i?Em ' c
iA 43￿ 4@ mi}i?Em
Aj li 4@ mi}i?Em : 
Surri ri Wkhruhp 8141 E| +61;, lw krogv j| '  j| n > #| Odl dqg Zhl +4<;8/
Wkhruhp 4, vkrz wkh uhvxowv iru wkh sxuho| vwrfkdvwlf frpsrqhqw  j| zkhuhdv wkh
rughu ri wkh ghwhuplqlvwlf frpsrqhqw  #| iroorzv iurp Ohppd 7151
Zkhq vwxg|lqj wkh surfhvv  `| Odl dqg Zhl +4<;8, xvh wkh iroorzlqj jhqhudolvdwlrq
ri wkh Pduflqnlhzlf}0]|jpxqg Wkhruhp1
Wkhruhp 815 EOdl dqg Zhl/ 4<;6d/ Fruroodulhv 6 dqg 7
Vxssrvh Dvvxpswlrqv 514/ 515 duh vdwlvhg1 Wkhq iru dq| vhtxhqfh ri pdwulfhv | wkh
vhulhv
SA
|’￿ |0| frqyhujhv @r li dqg rqo| li wkh vhulhv
SA
|’￿ n|n frqyhujhv1
Li wklv krogv/ dqg | 9'firu lqqlwho| pdq| | wkhq 3E
S"
|’￿ |0| ' t 'firu dq|
yduldeoh t wkdw lv I|0phdvxudeoh iru vrph |1
43Wklv uhvxow |lhogv d pruh suhflvh vwdwhphqw derxw wkh rughu ri pdjqlwxgh ri wkh
h{sorvlyh frpsrqhqw1
Fruroodu| 816 Vxssrvh Dvvxpswlrq 514/ 515/ 516 duh vdwlvhg1 Wkhq
E `3A`A frqyhujhv @r wr ` ' `f n
S"
|’￿ `3|e‘c| vdwlvi|lqj 3E@￿` 'f 'f






Surri ri Fruroodu| 8161 E Wkh ghfrpsrvlwlrq +615, dqg Wkhruhp 714cvkrz
wkdw `A '  `A nLE`A Wkh uhvxow wkhq iroorzv iurp Wkhruhp 815/ vhh dovr Odl dqg





|’￿ n`3EA3|n￿￿`￿3|`|3￿n dqg xvh E dqg
wkdw n`3An lv h{srqhqwldoo| ghfuhdvlqj1
9 Fruuhodwlrq ehwzhhq vwdwlrqdu| dqg ghwhuplqlvwlf frpsrqhqw
Rqh pdmru glhuhqfh ehwzhhq wkh uhvxowv suhvhqwhg khuh dqg wkh zrun ri Odl dqg Zhl
+4<;8, lv wkdw ghwhuplqlvwlf whupv duh lqfoxghg lq wkh prgho1 Ehiruh wxuqlqj wr wkh
txhvwlrq ri krz elj wkh ghqrplqdwru pdwul{ fdq eh lq ¢: lw lv frqyhqlhqw wr frqvlghu
wkh dv|pswrwlf rughu ri pdjqlwxgh ri fruuhodwlrqv ehwzhhq wkh }hur phdq surfhvv zlwk
urrwv vpdoohu wkdq rqh/  L|c dqg wkh ghwhuplqlvwlf frpsrqhqw/ (|
Dv d uvw vwhs wrzdugv glvfxvvlqj wkh vdpsoh fruuhodwlrq ri  L| dqg (| uhvxowv
ri Odl dqg Zhl frqfhuqlqj wkh pdwulfhv A 3￿ SA
|’￿ 0
￿2




Wkh uhvxowv jlyh frqglwlrqv iru uhodwlyh frpsdfwqhvv ri vhtxhqfhv ri vxfk pdwulfhv1
Uhfdoolqj wkdw wkh uhodwlyh frpsdfwqhvv ri d vhtxhqfh lv wkh surshuw| wkdw wkh olplw
srlqwv idoo lq d frpsdfw vhw/ wklv hqdeohv d glvfxvvlrq ri wkh rughu ri pdjqlwxgh ri wkh
vhtxhqfh xqghu zhdn dvvxpswlrqv1 Lq sduwlfxodu/ d frqglwlrq lv jlyhq hqvxulqj wkdw
wkh olplw srlqwv duh erxqghg dzd| iurp }hur1
Wkhruhp 914 EOdl dqg Zhl/ 4<;8/ Wkhruhp 5/ htxdwlrq 61:/ H{dpsoh 6























G A  

duh uhodwlyho| frpsdfw zlwk wkh vdph olplw srlqwv1
Li lq dgglwlrq Dvvxpswlrq 515 lv vdwlvhg wkh olplw srlqwv duh srvlwlyh ghqlwh1
Vlqfh eLc| lv d olqhdu frpelqdwlrq ri efc| wkh vhtxhqfh EA3￿ SA
|’￿ e
￿2
Lc| G A   lv
wkhuhiruh uhodwlyho| frpsdfw1 Lq dgglwlrq wkh iroorzlqj uhvxowv fdq eh vkrzq1
44Wkhruhp 915 EOdl dqg Zhl/ 4<;8/ Wkhruhp 5/ H{dpsoh 6
Vxssrvh Dvvxpswlrqv 514/ 515 duh vdwlvhg1 Wkhq lw krogv zlwk suredelolw| rqh wkdw





























￿ G A  
,
dqg srvlwlyh ghqlwh li ^  &_4fc zkhuh & lv wkh odj ohqjwk /
dv zhoo dv lw krogv

























| G A  


Ehiruh wxuqlqj wr wkh vdpsoh fruuhodwlrq ri  L| dqg (| lw lv xvhixo wr flwh wkh
iroorzlqj xqlyduldwh uhvxow e| Zhl +4<;8,1
Ohppd 916 EZhl 4<;8/ Ohppd 5
Vxssrvh Dvvxpswlrq 514 lv vdwlvhg1 Ohw E%| eh d vhtxhqfh ri udqgrp yduldeohv





A 'L E r
23#











Wkh uhvxow iru wkh vdpsoh fruuhodwlrq ri  L| dqg (| fdq qrz eh vwdwhg dqg suryhg1




















@￿r￿ 'L E A
#3￿*2




















| 3￿*2 iru dq k
vdwlvi|lqj  :k:f1 Zlwk wklv lq plqg dqg xvlqj  L| ' N L|3￿ n eLc| wkh remhfw ri





















































dqg xvh Wkhruhpv 714/ 814 dqg wkdw nNn
A k
ghfuhdvhv h{srqhqwldoo|1
Wkh wklug whup lq +914, lv LEA# Wr vhh wklv xvh (| ' #r(|3r dqg wkh qrupdolvd0

























































r frqyhujhv lw vx!fhv wr vkrz wkdw wkh odvw wzr frpsrqhqwv












￿2 c lv erxqghg e| Ak 4@ |￿A n((|n
2 'E A k3￿'
LEc gxh wr Wkhruhp 7141






|c zklfk lv qrw
ghshqghqw rq r Frqvlghulqj hdfk hohphqw ri wklv pdwul{ dqg dsso|lqj Ohppd 916
vkrzv wkdw wklv lv LEA #
3￿





















Xvlqj Wkhruhpv 714/ 814 wklv lv vhhq wr eh LEA k31*2 zklfk lv LE iru d vpdoo k
Vrph lpphgldwh frqvhtxhqfhv ri wkhvh uhvxowv duh wkh iroorzlqj h{dpsohv1
H{dpsoh 918 Vxssrvh Dvvxpswlrqv 514/ 51: duh vdwlvhg1 Wkhq Wkhruhpv 914 dqg
915 lpso| A 3￿ SA
|’￿ 0
￿2







H{dpsoh 919 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg1 Wkhq Wkhruhpv 915/



















| nL E A
#3￿
lv uhodwlyho| frpsdfw zlwk srvlwlyh ghqlwh olplw srlqwv1 Pruhryhu/ wklv vhulhv frqyhujhv
doprvw vxuho| li A3￿ SA
|’￿ 0
￿2
| lv frqyhujhqw1 Dffruglqj wr H{dpsoh 918 wklv lv iru
lqvwdqfh wkh fdvh li wkh dgglwlrqdo Dvvxpswlrq 51: lv vdwlvhg1
46: Wkh odujhvw hljhqydoxh ri wkh ghqrplqdwru pdwul{
Wkh rughu ri pdjqlwxgh ri wkh odujhvw hljhqydoxh ri wkh ghqrplqdwru pdwul{ A ' SA
r’￿ 7
￿2
|3￿ fdq qrz eh ghvfulehg1 Wklv lv iroorzhg e| d frqyhujhqfh uhvxow iru wkh
sxuho| h{sorvlyh fdvh dqg d erxqg iru wkh udwh ri frqyhujhqfh ri vxp ri srzhuv ri  L|1
Iluvw/ wkh odujhvw hljhqydoxh ri A lv frqvlghuhg lq wkh iroorzlqj jhqhudolvdwlrq ri
Odl dqg Zhl +4<;8/ Fruroodu| 4,1






EAn E A 2B3￿ li mi}i?Em 	 c
EA 24 *L}*L}An E A2￿ B3￿ li mi}i?Emc
iA 2432 4@ mi}i?Em
2Aj iru jhqhudo 
Surri ri Wkhruhp :141 Li 4@ mi}i?Em 	  wkhq j| '  L| n >￿(| e| +614,1




| ' E A @r dqg wkh uhvxow
wkhq iroorzv iurp Wkhruhpv 714/ 9171 Li 4@ mi}i?Em wkh uhvxow iroorzv gluhfwo|
iurp Wkhruhp 8141
Iru wkh h{sorvlyh sduw ri wkh surfhvv wkh iroorzlqj jhqhudolvdwlrq ri Odl dqg Zhl
+4<;8/ Fruroodu| 5, fdq eh hvwdeolvkhg1
























3￿ *L}b4@  EA
@￿r￿ ' 2*L}4@ mi}i?E`m




| E`3A￿ dqg `3A SA
|’￿  `
￿2

























zklfk ydqlvkhv iru odujh A gxh wr Wkhruhp 714/ dqg Fruroodu| 816/1 Wkh ghvluhg
uhvxow lv wkhq d gluhfw frqvhtxhqfh ri Odl dqg Zhl +4<;6e/ Wkhruhp 5,1
Zkloh Wkhruhp :14 jlyhv d erxqg iru wkh vxp ri vtxduhv ri wkh surfhvv wkh iroorz0
lqj uhvxow jlyhv d erxqg iru vxp ri kljkhu rughu srzhuv ri wkh vwdwlrqdu| frpsrqhqw1






2nl @￿r￿ $ f
Surri ri Wkhruhp :161 Iru qrwdwlrqdo frqyhqlhqfh ghqh eLcf '  Lf Xvlqj


























































































Wkh odwwhu whup lv ri rughu EA'L E A ￿n# e| Dvvxpswlrq +514,1 Wkh uvw whup lv d



















vhh Kdoo dqg Kh|gh +4<;3/ Wkhruhp 514;,1 Plqnrzvnl*v lqhtxdolw| vkrzv wkdw wklv
vxp lv qlwh li wkh vxp
S"
￿’f 3E￿n#￿(EneLc￿n
2n￿ mI|3￿ lv qlwh1 Dvvxpswlrq +514,
hqvxuhv wklv lv wkh fdvh1
; Wkh vpdoohvw hljhqydoxh ri wkh ghqrplqdwru pdwul{





|3￿c ri wkh ohdvw vtxduh hvwlpdwru lq wkh qrq0h{sorvlyh fdvh1 Xvlqj
wkh whfkqltxhv ri Fkdq dqg Zhl +4<;;, lw fdq eh suryhg wkdw A3￿A lv erxqghg
iurp ehorz lq d zhdn frqyhujhqfh vhqvh1 Wkh uvw uhvxow jrhv vrph zd| wrzdug dq
doprvw vxuh yhuvlrq ri wklv uhvxow lq vkrzlqj wkdw wkh sduwldo ghqrplqdwru pdwul{
48A 3￿ SA
|’￿ Ej|m(|
￿2 lv erxqghg iurp ehorz zkloh wkh vhfrqg uhvxow vkrzv wkdw wkh
mrlqw pdwul{ A 3￿A lv erxqghg iurp ehorz lq wkh vshfldo fdvh zkhuh 5 dqg # kdyh
qr frpprq hljhqydoxhv1 Lq frpelqdwlrq wkhvh uhvxowv fdq eh xvhg wr hvwdeolvk wkh
wklug uhvxow frqfhuqlqj wkh rughu ri 4@ A k$|$A 7￿
|
3￿
A 7| zlwkrxw dfwxdoo| hvwdeolvklqj
wkh rughu ri 
3￿
A dqg wklv zloo vx!fh wr suryh wkh pdlq wkhruhpv1




uhodwhg wr Odl dqg Zhl +4<;8/ Wkhruhp 6,1



























Wr suryh Wkhruhp ;14 wkh iroorzlqj Ohppd lv qhhghg1 Wklv Ohppd hqvxuhv wkdw
Odl dqg Zhl +4<;5/ Ohppd 4, frqfhuqlqj wkh rughu ri pdjqlwxgh ri qrupdolvhg ohdvw
vtxduhv hvwlpdwruv fdq eh xvhg1
Ohppd ;15 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg1 Wkhq Af ' ?uEA G A
lv lqyhuwleoh 	 4 @r
Surri ri Ohppd ;151 Lw vx!fhv wr vkrz wkdw ￿A:f iru doo  5 +_￿45 vr
 9'fdqg vrph AVlqfh ￿A ' ￿ SA
|’￿ 7
￿2
|3￿ ' E7fcc7 A3￿￿2 lw lv htxlydohqw
wkdw E7fcc7 A3￿- vsdqv +_￿45 iru vrph lqyhuwleoh pdwul{ -1
Wkh ghfrpsrvlwlrq +61;, vkrzv wkdw j| '  j| n >  (| zkhuh  j| '  j|3￿ n efc|
dqg  (| '  #  (|3￿ Wkh Fd|oh|0Kdplowrq Wkhruhp/ vhh Khuvwhlq +4<:8/ s1667,/ lpsolhv
wkdw li _i|EbU_￿4 ￿ #   #'
S_￿4 ￿ #
￿’f _￿b
_￿4 ￿ #3￿ zlwk _f 'lv wkh fkdudfwhulvwlf sro|0
qrpldo ri  # wkhq
S_￿4 ￿ #
￿’f _￿  (|3￿ '
S_￿4 ￿ #















1 1 1 111 U_￿4 ￿ #














dqg sduwlwlrq - dv d E2  20eorfn pdwul{ vr wkh xsshu uljkw eorfn lv d _4  #0
glphqvlrqdo vtxduh pdwul{1 Wkh deryh surshuwlhv wkhq vkrz wkdw E7￿cc7 A- lv
dq xsshu wuldqjxodu E220eorfn pdwul{1 Wkh orzhu uljkw eorfn lv E(fcc( _￿4 ￿ #3￿
zklfk vsdqv +_￿4# e| Dvvxpswlrq 5161 Lw lv ohiw wr suryh wkdw wkh xsshu ohiw eorfn
E5_￿4 ￿ #cc5 2_￿4￿ #3￿ vsdqv +_￿4j Wkh surfhvv 5| lv d olqhdu frpelqdwlrq ri wkh
49surfhvv E  f￿
|cc  f￿
|3_￿4 ￿ #3_￿4j￿ zklfk vdwlvhv d uvw rughu dxwruhjuhvvlrq zlwkrxw
ghwhuplqlvwlf whupv1 Wkh ghvluhg uhvxow wkhq iroorzv iurp Odl dqg Zhl +4<;8/ Wkhruhp
6, xvlqj Dvvxpswlrqv 514/ 5151
Surri ri Wkhruhp ;141 Ohw 6 ' _4j Xvlqj wkh prgho htxdwlrq +516, dqg






























































































Wkh uvw vxp lv qlwh/ vr zkhq qrupdolvhg e| wkh ghqrplqdwru whup lw lv vhhq wr eh
E gxh wr Ohppd ;151 Wkh qrupdolvhg vhfrqg whup lv iE*L}A￿*2j gxh wr Odl dqg
Zhl +4<;5/ Ohppd 4, zklfk fdq eh xvhg ehfdxvh ri Ohppd ;151

















￿2 n E*L}A +;16,
Wkh surri lv frpsohwhg e| frpelqlqj +;15,/ +;16, dqg Wkhruhp 9151
Zkhq  dqg # kdyh qr frpprq hljhqydoxhv Wkhruhp ;14 fdq eh h{whqghg1
Wkhruhp ;16 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg dqg  dqg # kdyh qr
frpprq hljhqydoxhv1 Wkhq *4?uA<" b4￿?EA 3￿A : f @r
4:Surri ri Wkhruhp ;161 Gxh wr wkh uhsuhvhqwdwlrq j| '  j| n >f(| jlyhq lq












Li _i|EbU_￿4￿  '
S_￿4￿
￿’f K￿b
_￿4￿3￿ lv wkh fkdudfwhulvwlf sro|qrpldo ri  wkh

















Vlqfh  dqg # kdyh qr frpprq hljhqydoxhv wkhq _i|E
S_￿4￿
￿’f K￿#_￿4￿3￿ 9'f  Lw
iroorzv wkdw *4?uA<" b4￿?EA 3￿ SA
|’_￿4 ￿ #n￿ +
￿2
|  : f @r xvlqj Wkhruhpv 714/ 915/
917 dqg Odl dqg Zhl +4<;8/ htxdwlrq 614<,1 Wkh dujxphqw lv qlvkhg dv lq surri ri
Odl dqg Zhl +4<;8/ Wkhruhp 6,1
Wkh qdo dqg pruh whfkqlfdo uhvxow dgguhvvhv wkh rughu ri 7￿
|
3￿
A 7|1 Odl dqg
Zhl +4<;8/ Ohppd 7, vkrz wkdw 4@ |$A 7￿
|
3￿
A 7| ydqlvkhv zkhq mi}i?Em
dqg _4# 'f 1 Iru wkh vxevhtxhqw dqdo|vlv lw vx!fhv wr wdnh d pd{lpxp ryhu
mxvw A k  |  A iru vrph f 	k	 uhtxlulqj wkdw f 	 mi}i?Emc exw doorzlqj
_4# : f
Wkhruhp ;17 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg dqg f 	 mi}i?Em
 Wkhq 4@ A k$|￿A 7￿
|
3￿
A 7| 'L E A 3l*e @r iru doo kcl vr f 	k	 dqg l	
4?i*E2 n c*2j
Wkhruhp ;17 zloo eh suryhg lq d ihz vwhsv iroorzlqj Odl dqg Zhl +4<;6e,1 Wkh
uvw vwhs lv wr vwuhqjwkhq wkhlu Ohppd 61
Ohppd ;18 Ohw E@| eh d vhtxhqfh ri qrq0qhjdwlyh qxpehuv vdwlvi|lqj
E wkhuh h{lvwv :f dqg V:f vxfk wkdw @|n￿  @| n |3V iru doo odujh |
E
SA
|’￿ @| 'L E AB iru doo B:fc
Wkhq @A 'L E A 34 iru doo 4	4?EcV*2
Surri ri Ohppd ;181 Frqglwlrq E lpsolhv wkdw iru hyhu| f 	4	 wkhq
lw krogv 4?A:|DA3A4 @|  @A  2A43V iru doo odujh A Lq sduwlfxodu/ fkrrvlqj 4 wr











4@A  2 iru doo odujh A
Frpelqlqj wklv zlwk E lw iroorzv wkdw @A  A 34E
SA
|’￿ @| n2 'L E A B34 Vlqfh B
fdq eh fkrvhq duelwudulo| vpdoo wklv suryhv wkh ghvluhg uhvxow1
Wkh vhfrqg vwhs lv jhqhudolvh Odl dqg Zhl +4<;6e/ Ohppd 91
4;Ohppd ;19 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg dqg 4@ mi}i?Em












Surri ri Ohppd ;191 Wkh surri lv wkh vdph dv wkdw ri Odl dqg Zhl +4<;6e/
Ohppd 9, xvlqj wkh jhqhudolvdwlrqv ri wkhlu Wkhruhp 6 dqg Ohppd 9/ suhvhqwhg
deryh lq Wkhruhp :14 dqg Ohppd ;151
Wkh wklug vwhs lv wr jhqhudolvh Odl dqg Zhl +4<;6e/ Ohppd :,1















A 7A3￿ nL E A3l*2 @r iru doo l	4?i*E2 n c*2j1
Surri ri Ohppd ;1:1 E Xvlqj Odl dqg Zhl +4<;6e/ Ohppd 8,l qw k hv d p h













  E n '‘ n '
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lv iE*L}A￿*2j dffruglqj wr Odl dqg Zhl +4<;5/ Ohppd 4,/ zklfk fdq eh xvhg























A 7A3￿ n 
3￿*2
A e7cA
Wkh qrup ri wkh uvw whup lv ohvv wkdq E7￿
A3￿
3￿
A 7A3￿￿*2d n iEA 3￿ *L}A
￿*2jo￿*2
e| E Wklv lv lq wxuq erxqghg e| E7￿
A3￿
3￿
A 7A3￿￿*2 n iEA 3￿ *L}A
￿*ej gxh wr




wkh lghqwlwlhv +;17, dqg lv vhhq wr eh LEA31*2 e| Wkhruhpv 814/ ;141
4<Wkhruhp ;17 fdq qrz eh suryhg1
Surri ri Wkhruhp ;171 Wkh Ohppdv ;19/ dqg ;1:/ vkrz wkdw wkh frqglwlrqv
ri Ohppd ;18 duh vdwlvhg iru wkh vhtxhqfh 7￿
|
3￿



















A 7|  7￿
|
3￿
|n￿7| 	" Wklv lq wxuq lpsolhv wkdw iru doo ":f dqg doprvw









Lw kdv douhdg| ehhq hvwdeolvkhg lq ¢9 wkdw wkh vdpsoh fruuhodwlrq ri  L| dqg (| ydqlvkhv
dv|pswrwlfdoo|1 Lq wkh iroorzlqj wkh uhpdlqlqj vdpsoh fruuhodwlrqv ri sdluv ri wkh
surfhvvhv  L|cT |c( |c` | duh vwxglhg1 D uvw uhvxow frqfhuqv wkh vdpsoh fruuhodwlrq ri
`| dqg L|c( |




















































Wkh erxqg iru wkh vdpsoh fruuhodwlrq ri `| dqg  L| vkrxog eh ylhzhg lq wkh oljkw






lv frqyhujhqw zkhq wkh lqqrydwlrqv 0| duh lqghshqghqw/ lghqwlfdoo| glvwulexwhg exw lq
jhqhudo glyhujhqw1 Wkh vwdwhg uhvxow frpelqhg zlwk Wkhruhp 914 vkrzv wkdw wkh rughu
ri tA lv dw prvw LiA E￿31￿*2j




















zkhuh 6 lv hlwkhu ri







































Wkh odvw wzr whupv ri +<14, duh frqyhujhqw dffruglqj wr Fruroodulhv 816/ :151 Lw krogv
6( ' E A 3￿ e| Wkhruhp 714/ zkhuhdv 6L 'L E A31 vlqfh Wkhruhp 814 vkrzv  L2
| vr
4@ |￿A n L|n2 lv LEA ￿31/ zkloh wkh ghqrplqdwru whup lv EA 3￿ e| H{dpsoh 9191
Iru wkh vdpsoh fruuhodwlrq ehwzhhq `| dqg ET ￿
|c( ￿
| d glhuhqw w|sh ri surri lv




53Wkhruhp <15 Vxssrvh Dvvxpswlrqv 514/ 515/ 516 duh vdwlvhg1 Wkhq/ iru doo l	





















@￿r￿ 'L E A
3l*H
























|’￿E`3A`|￿2 lv frqyhujhqw dffruglqj wr Fruroodu| :15 lw vx!fhv wr vkrz


















Vlqfh `|3￿  `|3A`A3￿ ' 
SA3|
































































A k3A ydqlvkhv h{srqhqwldoo|/ 
3￿
A ' E e| Ohppd ;15 dqg wkh uhpdlq0
lqj whupv duh ri sro|qrpldo rughu dffruglqj wr Wkhruhp 814/ Fruroodu| 8161





















zkhuh wkh uvw wzr frpsrqhqwv frqyhujh/ vhh Fruroodu| 816/ dqg wkh odvw frpsrqhqw
lv LEA 3l*H e| Wkhruhp ;171
Uhpdun <16 Wkh erwwohqhfn lq wkh surri ri Wkhruhp <15 lv wkh rughu ri pdjqlwxgh
ri 4@ A k￿|$A 7￿
|
3￿
A 7| E| h{whqglqj wkh zhdn frqyhujhqfh uhvxowv ri Fkdq dqg Zhl
+4<;;, lw fdq eh suryhg wkdw wklv whup lv ￿EA 3￿ zkhq mi}i?Em lpso|lqj wkdw
wkh vdpsoh fruuhodwlrq ehwzhhq `| dqg ET ￿
|c( ￿
| lv ￿EA 3￿*2
54Zhl +4<<5/ Wkhruhp D14, frqvlghu wkh vdpsoh fruuhodwlrq ehwzhhq L| dqg T| lq wkh
xqlyduldwh fdvh _4f 'zkhq (| lv devhqw dqg 0| lv d pduwlqjdoh glhuhqfh vhtxhqfh
vdwlvi|lqj Dvvxpswlrqv 514/ 51:1 Wkdw uhvxow fdq eh jhqhudolvhg dqg vwuhqjwkhqhg e|
d surri uhvhpeolqj wkdw ri Wkhruhp 9171






































LEA￿*2 Lqvsluhg e| wkh surri ri Wkhruhp 917 dqg Zhl +4<<5/ Wkhruhp D14, zulwh
 L| '
SA k






























erxqghg e| A k 4@ |￿A k n L|n4@ |￿A k n7|n zklfk lv ri wkh ghvluhg rughu zkhq k lv
fkrvhq vpdoo hqrxjk dqg xvlqj Wkhruhp 814 zkloh 
3￿*2
A lv erxqghg gxh wr wkh
srvlwlyh ghqlwhqhvv ri A vwdwhg lq Ohppd ;151












A 7|3￿￿*2 zkhuh nNn
A k
ydqlvkhv
h{srqhqwldoo| dqg wkh rwkhu whupv duh iEA *L}A￿*2j gxh wr Wkhruhp 915 dqg Ohppd
;19/1























































A 7|^*2  7￿
|
3￿
A 7|  7￿
|
3￿
| 7| vr wkh odvw whup lv LEA # iru doo #:f dffruglqj







55 L| T| `| (|
 L|  rEA31*2 rEA31*2 rEA #3￿*2
T|  rEA3l*H RE
`|  REA 3￿*2
(| 





Wdeoh 5= Rughu ri sdluzlvh vdpsoh fruuhodwlrqv/ zlwk #:f dqg 1	 * E2 n 
xqlirupo| lq r Ryhudoo wkh vxp lq | lv wkhuhiruh LiA E￿31￿*2j xqlirupo| lq r Wkh ghvluhg




Wkh Wdeohv 4 dqg 5 jlyh dq ryhuylhz ri wkh vdpsoh fruuhodwlrq uhvxowv ri Wkhruhpv
917/ <14/ <15/ <171 Doo sdluv ri  L|cT |c` |c( | kdyh ehhq frqvlghuhg h{fhsw iru T|c( |
zklfk kdv qrq0qhjoljleoh vdpsoh fruuhodwlrq zkhq V dqg # kdyh frpprq fkdudfwhu0
lvwlf urrwv1 Wr surgxfh wkhvh wdeohv lw lv xvhg wkdw wkh pdujlqdo vdpsoh fruuhodwlrq/
































Dv d frqvhtxhqfh ri wkh uhvxowv vxppdulvhg lq Wdeoh 5 wkh frqglwlrq mi}i?Em






























Surri ri Fruroodu| <181 Ohw -| 'E L￿
|cT￿
|￿ Xvlqj d vlplodulw| wudqvirupdwlrq















3￿ inLE   jc
@r Dsso| Wkhruhp ;14 wr wkh xsshu ohiw eorfn dqg Fruroodu| :15 dqg Wkhruhp <14
wr wkh orzhu ohiw eorfn1
5643 Surriv ri pdlq uhvxowv
Wkh surriv ri wkh pdlq uhvxowv lq Wkhruhp 517/ 518 dqg 51; qrz iroorzv1 Wkh uvw ri
wkhvh uhvxowv frqfhuqv wkh vwxghqwlvhg ohdvw vtxduhv hvwlpdwru1




|￿ dqg `| Dv d frqvhtxhqfh ri Wkhruhpv <14 dqg <17 wkh vdpsoh fruuhodwlrq




















| inLE   jc
vr wkh qrq0h{sorvlyh dqg h{sorvlyh frpsrqhqwv fdq eh frqvlghuhg vhsdudwho|1


































zkhuh wkh uvw wzr whupv duh frqyhujhqw ehfdxvh ri wkh Fruroodulhv :15/ 8161 Wkh rughu
ri wkh odvw whup lv jlyhq lq Wkhruhp 8141
Iru wkh qrq0h{sorvlyh sduw zlwk 4@ mi}i?Em Odl dqg Zhl +4<;5/ Ohppd
4, wrjhwkhu zlwk Wkhruhp :14 vkrzv wkh ghvluhg uhvxow1
Iru 4@ mi}i?Em 	  wkhq Ohppd 916 frpelqhg zlwk Wkhruhpv 714/ 915 dqg
917 vkrzv wkh uhvxow1
E| frpelqlqj Wkhruhp 517 zlwk uhvxowv iru wkh ghqrplqdwru pdwul{ hvwdeolvkhg lq
¢:/; wkh vwurqj frqvlvwhqf| uhvxow iru wkh ohdvw vtxduhv hvwlpdwru fdq qrz eh suryhg1
Surri ri Wkhruhp 5181 Frqvlghu uvw wkh sduwldo hvwlpdwru1 Wudqviruplqj j|
lqwr E-￿
|c`￿
| zlwk -| 'E L￿
|cT￿
|￿ xvlqj d vlplodulw| wudqvirupdwlrq  dv ghvfulehg lq
























Wkh vdpsoh fruuhodwlrq ehwzhhq E-|3￿m(| dqg E`|3￿m(| ydqlvkhv dv|pswrwlfdoo| vr
lw vx!fhv wr suryh wkh uhvxow iru wkh wzr vshfldo fdvhv zkhuh 4@ mi}i?Em vr
_4` 'fdqg zkhuh 4?mi}i?Em :  vr _4+ 'f  Lq wkh uvw fdvh wkh ghvluhg
rughu iroorzv iurp Wkhruhpv 517/ ;14 zkloh lq wkh vhfrqg fdvh wkh vwdwlvwlf ydqlvkhv
h{srqhqwldoo| idvw gxh wr Wkhruhp 517 dqg Fruroodu| :151
Wkh vhfrqg uhvxow iru wkh ixoo hvwlpdwru zkhq  dqg # kdyh qr frpprq hljhqydoxhv
iroorzv iurp Wkhruhpv 517/ ;161
57Surri ri Wkhruhp 51;1 Dvvxpswlrq 51: vkrzv wkdw 6| ' @￿E02
|  lK iru
duelwudu| _4f0yhfwruv @ dqg K1 Kdoo dqg Kh|gh +4<;3/ Wkhruhp 514;, vkrz wkdw li
  R  2 wkhq
SA
|’￿ 6| 'L E A￿3l @r rq wkh vhw i
S"
|’￿ |REl3￿￿(En6|n
R mI|3￿ 	 4j
Wklv vhw kdv suredelolw| rqh li R  n*2 dqg REl 	  dffruglqj wr Dvvxpswlrq
5141 Wkhvh uhvwulfwlrqv duh vdwlvhg zkhq l	4?i*E2 n c*2j
44 Dfnqrzohgjphqwv
Frpphqwv iurp V1 Mrkdqvhq duh judwhixoo| dfnqrzohgjhg1
45 Uhihuhqfhv
Dqghuvrq/ W1Z1 +4<8<,1 Rq dv|pswrwlf glvwulexwlrqv ri hvwlpdwhv ri sdudphwhuv ri
vwrfkdvwlf glhuhqfh htxdwlrqv1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 63/ 9:909;:1
Fkdq/ Q1K1/ dqg Zhl/ F1]1 +4<;;,1 Olplwlqj Glvwulexwlrqv ri Ohdvw Vtxduhv Hvwlpdwhv
ri Xqvwdeoh Dxwruhjuhvvlyh Surfhvvhv1 Dqqdov ri Vwdwlvwlfv 49/ 69:07341
Gx r/ P1/ Vhqrxvvl/ U1 dqg Wrxdwl/ U1 +4<<4,1 Sursulìwìv dv|pswrwltxhv suhvtxh
vþuh gh o*hvwlpdwhxu ghv prlqguhv fduuìv g*xq prgëoh dxwruìjuhvvli yhfwrulho1
Dqqdohv gh o*Lqvwlwxw Khqul Srlqfduì 0 Suredelolwìv hw Vwdwlvwltxhv 5:/ 40581
Hqjoh/ U1I1 +4<;5,1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvfhgdvwlflw| zlwk hvwlpdwhv ri
wkh yduldqfh ri XN lq dwlrq1 Hfrqrphwulfd 83/ <;:0433;1
Ixoohu/ Z1D1/ Kdv}d/ G1S1 dqg Jrheho/ M1M1 +4<;4,1 Hvwlpdwlrq ri wkh sdudphwhuv ri
vwrfkdvwlf glhuhqfh htxdwlrqv1 Dqqdov ri Vwdwlvwlfv </ 86408761
Judgvkwh|q/ L1V1 dqg U|}kln/ L1P1 +4<98,1 Wdeoh ri Lqwhjudov/ Vhulhv dqg Surgxfwv1
Dfdghplf Suhvv/ Qhz \run1
Kdoo/ S1/ dqg Kh|gh/ F1F1 +4<;3,1 Pduwlqjdoh Olplw Wkhru| dqg Lwv Dssolfdwlrqv1
Dfdghplf Suhvv/ Vdq Glhjr1
Khuvwhlq/ L1Q1 +4<:8,1 Wrslfv lq Dojheud/ 5qg hglwlrq1 Qhz \run= Zloh|1
Mhjdqdwkdq/ S1 +4<;;,1 Rq wkh vwurqj dssur{lpdwlrq ri wkh glvwulexwlrqv ri hvwlpd0
wruv lq olqhdu vwrfkdvwlf prghov/ L dqg LL= vwdwlrqdu| dqg h{sorvlyh DU prghov1
Dqqdov ri Vwdwlvwlfv 49/ 45;6046471
Mrkdqvhq/ V1 +4<<9,1 Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruhjuhvvlyh
prghov1 5qg sulqwlqj1 R{irug Xqlyhuvlw| Suhvv1
Mrkdqvhq/ V1 +5333,1 D Eduwohww fruuhfwlrq idfwru iru whvwv rq wkh frlqwhjudwlqj
uhodwlrqv1 Hfrqrphwulf Wkhru| 49/ :730::;1
58Odl/ W1O1 dqg Zhl/ F1]1 +4<;5,1 Ohdvw vtxduhv hvwlpdwhv lq vwrfkdvwlf uhjuhvvlrq prg0
hov zlwk dssolfdwlrqv wr lghqwlfdwlrq dqg frqwuro ri g|qdplf v|vwhpv1 Dqqdov
ri Vwdwlvwlfv 43/ 48704991
Odl/ W1O1 dqg Zhl/ F1]1 +4<;6d, D qrwh rq pduwlqjdoh glhuhqfh vhtxhqfhv vdwlv0
i|lqj wkh orfdo Pduflqnlhzlf}0]|jpxqg frqglwlrq1 Exoohwlq ri wkh Lqvwlwxwh ri
Pdwkhpdwlfv/ Dfdghpld Vlqlfd 44/ 40461
Odl/ W1O1 dqg Zhl/ F1]1 +4<;6e, Dv|pswrwlf surshuwlhv ri jhqhudo dxwruhjuhvvlyh
prghov dqg vwurqj frqvlvwhqf| ri ohdvw0vtxduhv hvwlpdwhv ri wkhlu sdudphwhuv1
Mrxuqdo ri Pxowlyduldwh Dqdo|vlv 46/ 40561
Odl/ W1O1 dqg Zhl/ F1]1 +4<;8,1 Dv|pswrwlf surshuwlhv ri pxowlyduldwh zhljkwhg vxpv
zlwk dssolfdwlrqv wr vwrfkdvwlf uhjuhvvlrq lq olqhdu g|qdplf v|vwhpv1 Lq S1U1
Nulvkqdldk/ hg1/ Pxowlyduldwh Dqdo|vlv YL/ Hovhylhu Vflhqfh Sxeolvkhuv/ 6:806<61
Pdjqxv/ M1U1 dqg Qhxghfnhu/ K1 +4<<<,1 Pdwul{ glhuhqwldo fdofxoxv zlwk dssolfd0
wlrqv lq vwdwlvwlfv dqg hfrqrphwulfv1 Uhylvhg hglwlrq1 Fklfkhvwhu= Zloh|1
Pluvn|/ O1 +4<94,1 Dq lqwurgxfwlrq wr olqhdu dojheud1 Fruuhfwhg sulqw1 R{irug
Xqlyhuvlw| Suhvv1 Uhsulqwhg 4<<3 e| Gryhu/ Qhz \run1
Qlhovhq/ E1 +5333,1 Wkh dv|pswrwlf glvwulexwlrq ri olnholkrrg udwlr whvw vwdwlvwlfv iru
frlqwhjudwlrq lq xqvwdeoh yhfwru dxwruhjuhvvlyh surfhvvhv1 Glvfxvvlrq sdshu1
Qlhovhq/ E1 +5334d,1 Wkh dv|pswrwlf glvwulexwlrq ri xqlw urrw whvwv ri xqvwdeoh
dxwruhjuhvvlyh surfhvvhv1 Hfrqrphwulfd/ 9</ 544054<1
Qlhovhq/ E1 +5334e,1 Zhdn frqvlvwhqf| ri fulwhulrqv iru rughu ghwhuplqdwlrq lq d
jhqhudo yhfwru dxwruhjuhvvlrq1 Plphr1
Skloolsv/ S1F1E1 +4<<4,1 Rswlpdo lqihuhqfh lq frlqwhjudwhg v|vwhpv1 Hfrqrphwulfd
8</ 5;606391
Sùwvfkhu/ E1P1 +4<;<,1 Prgho vhohfwlrq xqghu qrqvwdwlrqdulw|= Dxwruhjuhvvlyh prg0
hov dqg vwrfkdvwlf olqhdu uhjuhvvlrq prghov1 Dqqdov ri Vwdwlvwlfv 4:/ 458:045:71
Uxelq/ K1 +4<83,1 Frqvlvwhqf| ri pd{lpxp0olnholkrrg hvwlpdwhv lq wkh h{sorvlyh
fdvh1 Vwdwlvwlfdo Lqihuhqfh lq G|qdplf Hfrqrplf Prghov +hg1 W1F1 Nrrspdqv,/
6890697/ Qhz \run= Zloh|1
Zhl/ F1]1 +4<<5,1 Rq suhglfwlyh ohdvw vtxduhv sulqflsohv1 Dqqdov ri Vwdwlvwlfv 53/
40751
Zhl/ F1]1 +4<;8,1 Dv|pswrwlf surshuwlhv ri ohdvw0vtxduhv hvwlpdwhv lq vwrfkdvwlf
uhjuhvvlrq prghov1 Dqqdov ri Vwdwlvwlfv 46/ 47<;0483;1
59